
1 Vibrations of Strings and Bars

A one-dimensional continuous system, whose configuration at any time requires only
one space dimension for description, is the simplest model of a class of continua
with boundaries. Strings in transverse vibration, and bars of certain geometries
in axial and torsional vibrations may be adequately described by one-dimensional
continuous models. In this chapter, we will consider such models that are not only
simple to study, but also are useful in developing the basic framework for analysis
of continuous systems of one or more dimensions.

1.1 Dynamics of Strings and Bars: The Newtonian

Formulation

1.1.1 Transverse Dynamics of Strings

A string is a one-dimensional elastic continuum that does not transmit or resist
bending moment. Such an idealization may be justified even for cable-like compo-
nents when the ratio of thickness of the cable to its length (or wavelength of waves
in the cable) is small compared to unity. In deriving the elementary equation of
motion, it is assumed that the motion of the string is planar, and transverse to its
length, i.e., longitudinal motion is neglected. Further, the amplitude of motion is
assumed to be small enough so that the change in tension is negligible.
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Fig. 1.1: Schematic representa-
tion of a taut string

Consider a string, stretched along the x-axis to a length l by a tension T , as shown
in Fig. 1.1. Arbitrary distributed forces are assumed to act over the length of the
string. The transverse motion of any point on the string at the coordinate position
x is represented by the field variable w(x, t) where t is the time. Consider the free
body diagram of a small element of the string between two closely spaced points
x and x + ∆x, as shown in Fig. 1.2. Let the element have a mass ∆m(x), and a
deformed length ∆s. The tensions at the two ends are T (x, t) and T (x + ∆x, t),
respectively, and the external force densities (force per unit length) are p(x, t) in


